The microscopic quasiparticle-phonon model, MQPM, is used to study the energy spectra of the odd Z = 53 − 63, N = 82 isotones. The results are compared with experimental data, with the extreme quasiparticle-phonon limit and with the results of an unrestricted 2s1d0g 7/2 0h 11/2 shell model (SM) calculation. The interaction used in these calculations is a realistic two-body G-matrix interaction derived from modern meson-exchange potential models for the nucleon-nucleon interaction. For the shell model all the two-body matrix elements are renormalized by theQ-box method whereas for the MQPM the effective interaction is defined by the G-matrix.
Introduction
The quasiparticle-phonon coupling (QPM) scheme is a convenient way of exploiting the rich data on low-energy excitations of doubly-even nuclei in studying
To appear in Physics Reports (1995) nuclear-structure effects in odd-mass (odd-A for short) nuclei. Since it was introduced [1] it has been used extensively, in various forms [2] [3] [4] [5] [6] [7] [8] , to discuss energy spectra of odd-A nuclei. This scheme makes use of the property of the BCS quasiparticles being the elementary excitations of an odd-A nucleus and assumes that by coupling them to the few lowest-energy (collective) excitations of the doubly-even reference nucleus one is able to describe, at least qualitatively, the spectroscopy of odd-A nuclei. In many cases only the first quadrupole and/or octupole phonon have been used in the calculations.
In the traditional quasiparticle-phonon models (QPM) independent model hamiltonians have been used to create the quasiparticles, the phonons and their coupling. This means that the two-body interaction matrix elements of the manyfermion hamiltonian are not internally consistent. For the phonons one usually adopts very simple model hamiltonians, like pairing-plus-quadrupole or semiempirical ones while the quasiparticle energies can be extracted from simple pairing hamiltonians or directly from experiments. The quasiparticle-phonon coupling term has usually the simplest possible phenomenological form and may have adjustable parameters to control the energy of the quasiparticle-phonon multiplets. In Ref. [8] a model was introduced, the so-called microscopic quasiparticlephonon model (MQPM), which bears resemblance to the traditional QPM, but which uses a microscopic hamiltonian and a scheme to optimize the size of the quasiparticle-phonon basis used in the calculations. In this sense, see the discussion in section 2, it represents also an improvement over the traditional QPM since the quasiparticle-phonon interaction is treated in a more consistent way.
In order to test the MQPM method, we have singled out the N = 82 isotones. The sequence of semi-magic N = 82 nuclei shows a high degree of regularity which makes them well suited for systematic studies and for testing of microscopic nuclear models. Pairing effects seem to play an important role in the even nuclei, and the low-lying states in the odd nuclei may be described as one-quasiparticle states with increasing fermi level. Thus, models like the MQPM may be viewed as a reasonable starting point for the description of such nuclei.
The first aim of this work is therefore to compare the MQPM with the more traditional QPM and QRPA approaches in order to see how well the experimental spectra can be reproduced and to interpret eventual differences.
A comprehensive study of the even N = 82 isotones was carried out by us in a previous work [9] . There a comparison was made between the QRPA and the results obtained with an extensive shell model calculation. Energy spectra were generally well described and so were the transition probabilities. In Ref. [9] one of the aims was to calculate an effective interaction based on modern mesonexchange models for the nucleon-nucleon (NN) potential. The first step in the derivation of an effective interaction V eff was to renormalize the NN potential through the so-called G-matrix. The G-matrix was in turn used in a perturbative many-body scheme, see e.g. Ref. [10] for further details, to derive an effective interaction appropriate for the N = 82 isotones. The effective interaction is meant to take into account degrees of freedom not included in the model space. This interaction was, in turn, applied in a full shell model calculation with a model space consisting of the orbitals 2s 1/2 , 1d 5/2 , 1d 3/2 , 0g 7/2 and 0h 11/2 for the Z = 52 − 64, N = 82 isotones.
The second aim of this work is therefore to extend the comparative analysis of Ref. [9] for the even isotones to the case of the odd isotones. We will employ the same effective interaction and model space in the shell model analysis. Moreover, the same G-matrix used in the QRPA studies of Ref. [9] will be used in the MQPM calculations. Since the MQPM discussed here (and the QRPA method of [9] as well) employs a larger single-particle space than the perturbative manybody scheme, our hope is to see whether the two approaches could shed light on different many-body contributions and their influence on various spectroscopic observables.
The N = 82 isotones have previously been studied extensively by Heyde and Waroquier [11, 12] by using the quasiparticle Tamm-Dancoff approximation including one-and three-quasiparticle states as basis states and projecting out the spurious three-quasiparticle components. The calculations were done using the surface-delta interaction [11] and a more elaborate phenomenological interaction [12] in the proton 2s 1/2 1d 5/2 1d 3/2 0g 7/2 0h 11/2 single-particle basis, i.e. in the same basis which we adopt for the shell model in our present article. However, the more realistic results of Ref. [12] are not accessible for direct comparison with the present results of the MQPM for the following reasons: A) the MQPM employs a larger valence space where also neutron degrees of freedom are included. B) In the MQPM we use the same proton single-particle energies, extracted from the experimental spectrum of 133 Sb, for all the odd isotones whereas in Ref. [12] the inverse-gap-equation method was used to extract single-particle energies from the experimental spectra of each odd N = 82 isotone separately. C) In Ref. [12] the phenomenological force, namely a central force of Gaussian shape with spin exchange, was fitted from case to case by the above-mentioned inverse-gap-equation method, and overall by level schemes and transition rates of the even N = 82 isotones. Contrary to this, in the present MQPM calculation the same bare Gmatrix interaction is used for all the even and odd N = 82 isotones without any fitting procedures. For the above reasons we refrain from direct comparison with the results of Ref. [12] in this article and, instead, concentrate on comparison with the shell model results.
The theoretical framework of the MQPM is presented in section 2. A brief review 3 of the effective interaction theory and the shell model follows in section 3. The results are presented and discussed in section 4. Finally, in section 5 we draw our conclusions.
Theoretical framework of the MQPM
The microscopic quasiparticle-phonon model, MQPM, represents a scheme to treat all the three parts of the hamiltonian, namely the quasiparticle, phonon and quasiparticle-phonon terms, on equal footing. This is possible by starting from a microscopic hamiltonian with two-body matrix elements derived from effective matrix elements such as a G-matrix. The G-matrix is a medium modified nucleon-nucleon interaction where all ladder type diagrams are summed to infinite order. This method enables one in a systematic way to derive both the proton-neutron and the like-nucleon two-body interaction. In the quasiparticle language these parts of the interaction relate to the H 31 and H 22 parts of the quasiparticle representation of the nuclear hamiltonian. The H 22 part is treated in the BCS and quasiparticle random-phase approximation (QRPA) framework and leads to definition of the quasiparticles and the excitation (phonon) spectrum of the doubly-even reference nucleus. The H 31 part is then diagonalized in the quasiparticle-phonon basis discussed below.
The MQPM treats the structure of the odd-A nuclei in four steps. First, the neighboring even-even nucleus, or nuclei, can be used to study the properties of the chosen mass region and to fix the possible free parameters of the model hamiltonian. In the present case, as also in [9] , we have used a G-matrix derived from modern meson-exchange potential models, and thus no phenomenological renormalization of the two-body interacton was done. This hamiltonian is used to generate the phonons which are excitations of the even-even nuclei. In the MQPM the phonons are derived by the use of the quasiparticle random-phase approximation (QRPA) procedure [13] . Second, the monopole part of the same hamiltonian is used to generate the quasiparticles, which are the basic building blocks of the odd-A excitations, through the BCS procedure. As the third step, the two basic excitations, QRPA phonons and BCS quasiparticles, are coupled to form a wave function basis for a realistic treatment of the odd-A nucleus. As the last step, the residual hamiltonian, containing the interaction of the odd nucleon with the even-even reference nucleus (the H 31 + H 13 part of the hamiltonian in Eq. (3) below) is diagonalized in this (over-complete) basis.
In the MQPM the starting point is the A-fermion hamiltonian where E a are the quasiparticle energies and other terms of the hamiltonian are normal-ordered parts of the residual interaction labeled according to the number of quasiparticle creation and annihilation operators which they contain [14] .
In the first version of the MQPM [8] the coupling part of the microscopic hamiltonian, H 31 , does not emerge from the equations-of-motion method (EOM) [15] . The EOM method introduces an additional term into the quasiparticle-phonon matrix elements, not taken into account in Ref. [8] . In the present article we use the EOM form of the coupling part of the hamiltonian. In addition of being microscopically more justified, this form of the coupling hamiltonian yields results closer to the experimental data and thus improves the quantitative predictibility of the MQPM.
In the MQPM calculation we use for the protons the 1p0f and 2s1d0g oscillator major shells supplemented by the h 11/2 intruder orbital from the next oscillator major shell. For the neutrons we use the 2s1d0g 7/2 and 2p1f0h valence space. The proton single-particle energies ε α of Eq. (1) are taken to correspond to the ones of Fig. 1 , i.e. we take the same relative spacing of the key orbitals as used in the shell model calculation. The single-particle energies of Fig. 1 are extracted Table 1 Proton single-particle energies used in the MQPM calculations. The single-particle energies of the rest of the proton valence space are given in Fig. 1 from the experimental 133 Sb spectrum [16] , with exception of the 2s 1/2 singleparticle energy which has not yet been measured. We have used the same value for the 2s 1/2 single-particle energy as in the work of Sagawa et al. [17] . The proton energies outside this set of states, as well as the neutron single-particle energies, we take from the Coulomb-corrected Woods-Saxon potential with the parametrization of [18] . These single-particle energies are displayed in Tables 1  and 2 . In the next step a correlated ground state and the excited states of the even-even reference nucleus are constructed by use of the QRPA. In the QRPA the creation operator for an excited state (QRPA phonon) has the form
where the quasiparticle pair creation and annihilation operators are defined as
and σ aa ′ = √ 1 + δ aa ′ . Here the greek indices ω denote phonon spin J and parity π. Furthermore, they contain an additional quantum number k enumerating the different QRPA roots for the same angular momentum and parity. Thus ω = {J ω , π ω , k ω }.
For each value of the angular momentum and parity the spectrum of the eveneven nucleus is constructed by diagonalizing the QRPA matrix containing the usual submatrices A (quasiparticle-quasiparticle interaction) and B (induced by correlations of the ground state) [13] . The basis states in our quasiparticle-phonon calculation are constructed from the previously determined BCS quasiparticles and the QRPA phonons. In the MQPM we make the following ansatz for the states in an even-odd nucleus
where |− denotes the QRPA vacuum of the even-even reference nucleus. The overlap matrix elements between the quasiparticle-phonon states and the matrix elements of the quasiparticle-phonon hamiltonian in this basis have the following form
where Ω α denote the QRPA-phonon energies, and
The same definition holds forȲ .
The interaction matrix elements between the one-quasiparticle and quasiparticlephonon states have the following form:
where
In the previous version of our model [8] the second term in the quasiparticlephonon matrix elements of the hamiltonian in Eq. (6) was missing. This additional term stems from the use of the equations-of-motion (EOM) method [15] when deriving the eigenvalue equation (13) below. It has an important effect on the location of the three-quasiparticle-type states relative to the one-quasiparticletype ones, and it is essential for yielding theoretical results in agreement with data.
The overlap between the one-quasiparticle and the quasiparticle-phonon states is always zero. However, the overlap between two quasiparticle-phonon states can be non-zero and the quasiparticle-phonon states form a non-orthogonal overcomplete basis set. The ansatz (5) leads to a generalized hermitian (or real and symmetric) eigenvalue problem which has the form [8] j
where H ij = i|H|j and S ij = i|j is the overlap matrix element between two basis states (one-quasiparticle or quasiparticle-phonon states). To solve this rather involved eigenvalue problem we adopt the method where we first solve the eigenvalue equation for the overlap matrix S:
The eigenvectors can be written in the basis {|i } as
They have the property of being mutually orthogonal, have a norm equal to unity and form a complete set after removing states having eigenvalue n k = 0 (this removes the overcompleteness of the set {|i }).
Using the new orthogonal complete set of states (15) we can transform (13) to an ordinary real and symmetric eigenvalue problem of the form
The coefficients of the eigenstates are calculated from the g coefficients in the following way:
In practice one omits states having eigenvalue n k less than some set upper limit ǫ.
In the present work we have constructed the odd-A isotones by adding a proton particle to the adjacent even N = 82 isotone. The even N = 82 isotones thus provide our quasiparticles and QRPA phonons to be used in the ansatz of Eq. (5). As a matter of fact, these phonons have already been constructed in our previous study of the N = 82 isotones [9] . In the diagonalization of the MQPM matrix of Eq. (13) we have used the 4-6 lowest QRPA phonons of multipolarity 2
− , 6 + and 7 − . This number of selected multipolarities is large enough to stabilize the spectrum of the odd isotones (see Ref. [8] ) and is referring to the determination of the most relevant part of the three-quasiparticle hilbert space mentioned in the introduction.
In this context it is important to point out that no 0 + phonons are used to produce the MQPM results discussed in section 4, although in the first part of our work [9] 
Effective interaction and the shell model
Here we will briefly sketch the theory of the effective interaction and the shell model (SM).
Our scheme to derive an effective interaction can be divided into three steps. First one needs a free NN interaction V which is suitable for nuclear physics at low and intermediate energies. At present, the most viable approach seems to be the meson-exchange picture. Among the meson-exchange models, one of the more successful ones is the one-boson-exchange model of the Bonn group [19] .
As the next step a reaction matrix G is introduced. In this way we overcome the problem that the NN potential has a strongly repulsive core which makes it unsuitable for perturbative approaches. In this work we have calculated the Gmatrix using the so-called double-partitioning scheme, see Ref. [10] for a recent review.
The last step is to define a two-body interaction in terms of the G-matrix. We include all diagrams to third order in perturbation theory and sum the so-called folded diagrams to infinite order, an approach known as the folded diagram method, see e.g., Refs. [9, 10] for further details.
Our basic approach in solving the many-body eigenvalue problem is the Lanczos algorithm. This is an iterative method which was first applied to nuclear physics problems by Whitehead [20] . The eigenstates are expanded in an m-scheme slater determinant basis, which implies that the dimension of the problem grows rapidly with increasing number of valence particles, see Table 3 . The advantage of this representation is however the very efficient implementation of the computer code. This is a shell model calculation where no truncations of configurations are made. For more details of the shell model algorithm, see Ref. [21] . The model space for the shell model calculation and the effective interaction is defined by the N = 4 oscillator shell (1d 5/2 , 0g 7/2 , 1d 3/2 , 2s 1/2 ). In addition we have included the intruder 0h 11/2 orbital from the N = 5 oscillator shell. Our model space consists of the proton orbitals outside the 132 Sn core, ranging from the closed Z = 50, N = 82 core to the Z = N = 82 core. There are no neutron degrees of freedom involved in this model. These degrees of freedom are accounted for by the various terms of the perturbation expansion used to derive the effective interaction. The adopted single-particle spectrum is as displayed in Fig. 1 .
Before we present our comparison between the shell model results and those obtained with the MQPM, we would like to draw the attention to differences between the two methods. From the discussion in section 2 we recall that the MQPM method employs exactly the same G-matrix interaction as the one used to derive the shell model effective interaction. The single-particle energies for protons in the orbitals 1d 5/2 0g 7/2 1d 3/2 2s 1/2 0h 11/2 defining the shell model space are the same as those used in the MQPM. In addition, no phenomenological adjustments are made of the G-matrix in the MQPM approach. However, the reader should note that the single-particle basis for protons is larger for the MQPM, allowing thereby for proton core excitations across the Z = 50 shell gap. Secondly, also neutrons are active, yielding neutron core excitations across the N = 82 shell gap. This might become important for the description of some low-energy collective excitations of the even N = 82 isotones. In the shell model approach these degrees of freedom are supposed to be accounted for by terms included in the perturbative expansion of the effective interaction. Substantial differences in the two approaches may therefore reveal that such low-energy collective excitations are not accounted for in the shell model approach.
Results and discussion
In Tables 4-9 we present our results for the calculated energy spectra of the odd N = 82 isotones of interest in this article. In these tables we also present the available experimental data in the two first columns of the tables. It is to be noted that the spin assignments on the first column are experimental ones and the spins in parentheses are only tentative. The MQPM and the SM results are always presented in the last two columns of the tables. The three middle colums are reserved for presenting the results concerning the extreme quasiparticle-phonon picture. In this picture the energy of the multiplet emerging from angular-momentum coupling of the n:th phonon of spin J and parity π, J π n , with the single-quasiparticle state j π is obtained by simply summing the phonon and the quasiparticle energies. The column "proposed config." lists the phonon-quasiparticle states 1 which are among the leading ones in the wave function of the MQPM.
In the first subsection below we discuss the differences between the extreme quasiparticle picture and the MPQM. Thereafter, the MQPM results are compared to the corresponding results obtained from an unrestricted shell model calculation with the orbitals 1d 5/2 0g 7/2 1d 3/2 2s 1/2 0h 11/2 defining the shell model space, having in mind the discussion in section 3.
Microscopic quasiparticle-phonon model
In the extreme quasiparticle-phonon picture the two energies, (E(phen) and E(calc) in Tables 4-9 , are obtained in the following way. For the phenomenological energy, E(phen), we have taken the phonon energy from experiments (i.e. from the measured spectrum of the even-even N = 82 isotone with one less proton) and the quasiparticle energy was deduced from the proton single-particle energies of Fig. 1 using the BCS expression
where ε α is the single-particle energy of the active proton orbital and λ p is the chemical potential for the protons. The chemical potential we have taken simply to correspond to the energy of the last occupied proton orbital in the eveneven N = 82 reference nuclei. 
The calculated extreme quasiparticle-phonon energy, E(calc), was obtained by summing the QRPA-calculated energy (see Ref. [9] ) of the J π phonons of the even reference nuclei with the single-quasiparticle energy coming from the BCS calculation.
In the following we shall comment on the MQPM results shown in Tables 4-9. The emphasis lies on analyzing the lowest-lying quasiparticle-phonon multiplets of the odd isotones with respect to their span in energy, their centroids and the relative location of the various spins within the perturbed multiplet. The multiplet of the extreme quasiparticle-phonon picture looses its energy degeneracy through the action of the residual interactions and the resulting multiplet we call a perturbed one. It is of interest to see how the breaking of the degeneracy evolves from nucleus to nucleus and what its characteristic features are.
We start first by noticing that the residual interactions yield relatively little perturbation on the energies of the single-quasiparticle-type states (denoted by the symbol (sqp) in the tables) in the MQPM calculation. The agreement in the single-quasiparticle energies between the MQPM and experiment is good due to the success of the BCS calculation in describing the lowest excitations of the odd isotones. This, in turn, means that the phenomenological mean field, represented by the proton single-particle energies of Fig. 1 , is consistent with the residual pairing interactions used in the present calculation.
As a general feature of the MQPM results one can say that the MQPM describes better the heavier N = 82 isotones (both even [9] and odd) since the heavier isotones are not in the immediate vicinity of the Z = 50 closed core and thus the quasiparticle description is expected to be better justified. + (see Table 4 ) and thus to too high an energy for the associated MQPM states (i.e. to too high a centroid of the MQPM multiplet). The same is valid for the 4 Table 6 one observes that the experimental and the MQPM centroids correspond to each other rather nicely and the width of both spectra is the same. In addition, the 3/2 + , 5/2 + , 7/2 + and 11/2 + members of the multiplet are reproduced by the MQPM rather well but the MQPM clearly fails for the 9/2 + state. In this case the phenomenological quasiparticle-phonon energy E(phen) = 1.44MeV is more or less the centroid of both the experimental and the MQPM multiplet. The corresponding calculated energy E(calc) = 1.50MeV is slightly higher.
The above described features are also seen in the 2
+ multiplet in 141 Pr, where this multiplet is not any more the lowest one but above the 2 Table 7 ). A clear agreement of the MQPM with the data, especially in the case of the 3/2 + member of the multiplet, is evident.
The same type of analysis can be performed for the 2 + 1 ⊗ 5/2 + multiplet which is the lowest one in 141 Pr and 143 Pm (see Tables 7 and 8 ). In Table 7 it is seen that for 141 Pr the centroid of the experimental multiplet is well reproduced by the MQPM as is also the case for 143 Pm. A closer look at the spectrum of 141 Pr reveals that the 3/2 + and 9/2 + states are too far away from the 7/2 + state and the states are more homogeneously distributed in the theoretical spectrum. The undisturbed quasiparticle-phonon energies, E(phen) and E(calc), lie near the top of the experimental and theoretical multiplet, respectively. This situation is reversed in the case of 143 Pm, namely now the experimental multiplet is more homogeneously distributed due to the fact that the MQPM fails in predicting the location of the 9/2 + state whereas for the other members of the multiplet the MQPM energies roughly correspond to the experimental ones even though the 5/2 + and 7/2 + states are inverted in the theory. Once again the undisturbed quasiparticle-phonon energies are near the top of the perturbed multiplet.
Finally, in Table 9 one can observe the lowest multiplet, 3
+ , of 145 Eu. One can see that the centroid of the calculated multiplet is more or less correct but that the multiplet is far too compressed when compared with the experimental span of the multiplet (in experiment the 9/2 − state comes very much down in energy). It seems that in the MQPM the biggest qualitative and quantitative problems appear for the 3/2 − and 9/2 − members of the multiplet. It has to be noted that in Table 9 the labelling of the higher excited states by the extreme quasiparticle- phonon wave function is to be taken with a grain of salt since many of the MQPM states at these energies can be constructed by superposition of a large number of possible quasiparticle-phonon components lying rougly at the same energy region. Thus the overlap of the proposed quasiparticle-phonon structures of Table 9 with the MQPM wavefunctions is not necessarily very big. The assignments may be considered more as a means of keeping track of the experimental states with the same spin.
As it was stated earlier, the spreading of the multiplet of the extreme quasiparticle-phonon picture can be ascribed to the influence of the residual interactions, coming mainly from the H 31 part of the residual hamiltonian. This spreading in Table 8 Low-lying states of 143 Pm. Legend as in Table 4 . The underlined spin assignments are considered to be favoured by the SM and the MQPM calculations.
Extreme qp-phonon picture energy ranges roughly from 100 keV to 400 keV in the discussed odd isotones and the calculated extreme quasiparticle-phonon energy (E(calc) in the tables) lies rather close to the top of the perturbed multiplet. This means that the residual interactions tend to redistribute the multiplet energies towards lower energies (the centroid of the perturbed multiplet is always substantially lower than the extreme quasiparticle-phonon energy).
It is to be noted also that in the MQPM calculation the energies of the 3/2 + and 9/2 + members of the 2 + multiplet all the spin members of the multiplet are clearly affected by the residual interaction, some of them considerably. The most strongly affected member of the Table 9 Low-lying states of 145 Eu. Legend as in Table 4 . In this case only the MQPM results are available since the SM calculations are already beyond any reasonable effort.
Extreme qp-phonon picture 
Comparison with shell model results
In the MQPM scheme one starts with the BCS occupation probabilities stemming from the even isotones, given in Ref. [9] . As discussed in section 2, the residual many-body hamiltonian can be expressed in terms of these occupation probabilities. In general, for the single-particle states we obtained a good agreement in Ref. [9] between the shell model occupation probabilities and those of a BCS calculation for the even isotones. Since the states of the MQPM, discussed in Tables  4-9 , are combinations of single-particle states and phonons from the corresponding even isotones, it is then of interest to see whether one can retrace eventual discrepancies between the shell model approach and the MQPM to the fact that the SM employs a smaller set of single-particle orbitals in the diagonalization than the MQPM. It is therefore important to see how a renormalized effective interaction obtained by perturbative many-body methods is able to account for degrees of freedom not accounted for by the SM model space. It is, however, important to notice that although the MQPM employs a larger set of single-particle orbitals, only a limited set of states are obtained from the diagonalizations. In the SM all states are, in principle, taken into account in the diagonalization.
The shell model results are presented in Tables 4-8 . In, general, there is a fairly good agreement between the shell model results and experiment, with deviations of the order of 100−300 keV. However, as the number of valence particles increases from 3 in 135 I to 13 in 143 Pm, the description of the spacing between the lowestlying 5/2 + and 7/2 + states gets worse.
In order to understand these differences we have performed additional shell model calculations for 141 Pr with just the G-matrix as effective interaction, in order to see whether different approaches to the effective interaction within the 2s1d0g 7/2 0h 11/2 model space yield significant discrepancies. These results are displayed in Table 10 , under the column labelled E(G). The shell model results with the effective interaction to third-order in G from Table 7 , together with the corresponding MQPM results, are included for comparison. These are labelled by E(SM) and E(MQPM), respectively.
One can note from Table 10 that when going from the third-order effective interaction over to the bare G-matrix interaction in the shell model, the spacing between the lowest-lying 5/2 + and 7/2 + states increases to 0.034 MeV, although it is still far from the experimental value. The spectrum of the other states is more compressed than for the E(SM) results. The proton occupation numbers do also change, but all states of 141 Pr are still strongly dominated by admixtures from the 5/2 + and 7/2 + single-particle states. Table 10 Lowest-lying states of given multipolarity in 141 Pr using various approximations to the effective interaction. The question then arises whether these differences can be traced back to the use of a smaller model space in the shell model calculation. We have therefore performed a BCS calculation in the model-space defined by the 2s1d0g 7/2 0h 11/2 single-particle orbitals, using the G-matrix as interaction and the single-particle energies of Fig. 1 . These results are labelled E(BCS-1) in Table 10 . It has to be noted that in this BCS calculation the mean-field part is the same as in the E(G) calculation but that a BCS calculation includes only a very restricted set of states as compared to the full shell model diagonalization. The comparison reveals then how good or bad the BCS approximation is. As stated earlier, the BCS calculation forms the basis for the MQPM method. Moreover, the MQPM method used here employs a larger single-particle basis than that used in the shell model calculation or the BCS-1 calculation. It may therefore be of interest to see how the BCS calculation changes when we go to the model space employed in the MQPM calculation. The results of such a BCS calculation are denoted by E(BCS-2) in Table 10 .
One can see from Table 10 that the results of the BCS-1 calculation clearly deviate from the BCS-2 results, indicating the importance of a larger single-particle basis. The relative positions of the 5/2 + and 7/2 + states are inverted and the other states are higher up in excitation energy in the BCS-1 calculation. Comparing the BCS-1 results with the E(G) results, which are actually in reasonable agreement with experiment, clearly indicates that the simple BCS picture is far from sufficient in the restricted 2s1d0g 7/2 0h 11/2 valence space. The BCS-2 calculation, which employs the larger set of single-particle states, yields results which are closer to experiment and close to the MQPM results. The mere difference between the BCS-2 and MQPM results is in the better reproduction of the 5/2
spacing by the MQPM.
In summary, the results in Table 10 seem to indicate that degrees of freedom not accounted for by the model space employed in the shell model calculation, are important in order to get a proper reproduction of the experimental spacing between the two lowest-lying 5/2 + and 7/2 + states. However, when comparing the BCS-1 results with those of a shell model calculation with the bare G-matrix, one sees that there are important differences. Sources of these discrepancies are the many-body configurations not accounted for by the BCS approach. How these differences will appear in a shell model calculation which would employ the same set of single-particle energies as the BCS-2 or MQPM approaches, is however not clear.
In column three of Tables 4 -9 we indicate the MQPM states that are supposed to be of single-quasiparticle nature. For comparison with the shell model we create single-quasiparticle states for the odd-nucleon system by coupling a (j π ) particle to the 0 + ground state of the neighbouring A − 1 even system, a † j |SM(A − 1) . By calculating the squared overlap between the constructed single-quasiparticle state and the SM state,
we obtain a measure of the fraction of single-quasiparticle structure in our SM wave function. The results are tabulated in Table 11 . There is a nice correspondence between the Tables 4-6 one can see differences in the SM and the MQPM spectra of states (3/2 + , 5/2 + , 7/2 + , 9/2 + , 11/2 + ) belonging to this multiplet. Characteristic features are 1) the centroid of the SM multiplet is always lower than the centroid of the MQPM multiplet.
2) The high-spin members of the multiplet (7/2 + , 9/2 + , 11/2 + ) correspond quite well to each other in the SM and the MQPM whereas the 5/2 + member of the multiplet is consistently lower in the SM spectra than in the MQPM ones (in both cases the 5/2 + state is usually the lowest one). 3) Differences show up for the lowest-spin member of the multiplet, i.e. for spin 3/2 + , which is always the second lowest in energy in the SM spectra but among the three highest levels in the MQPM spectra.
The above listed properties of the SM and the MQPM spectra distinguish between the two calculations. For 135 I and 137 Cs the data is missing or incomplete so that essentially only 139 La is left for comparison. From Table 6 one observes that the experimental and the MQPM centroids correspond to each other rather nicely and the width of both spectra is the same. In addition, the 3/2 + , 5/2 + , 7/2 + and 11/2 + members of the multiplet are reproduced by the MQPM rather well (both the SM and the MQPM fail for the 9/2 + state) whereas in the case of the SM large deviations are observed for the 5/2 + member and especially for the 3/2 + member of the multiplet. Thus the experiment favours the MQPM sequence of levels in the 2 + 1 ⊗ 7/2 + multiplet (although also in the MQPM the sequence of levels is not completely correct). For the 2 + 1 ⊗ 7/2 + multiplet in 141 Pr (see Table  7 ) the differences between the two models and the experimental data are small.
The same type of analysis can be performed for the 2 + 1 ⊗ 5/2 + multiplet which is the lowest one in 141 Pr and 143 Pm (see Tables 7 and 8 ). In this case the differences between the SM and the MQPM spectra are less than for the 2 + 1 ⊗ 7/2 + case. For 141 Pr the centroid of the experimental multiplet is well reproduced by the MQPM, clearly better than by the SM, whereas for 143 Pm both the SM and the MQPM have roughly the correct centroid. The largest difference between the SM and the MQPM spectra is found in the location of the 5/2 + member of the multiplet and the experimental data favours the MQPM for the 5/2 + energy.
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Conclusions
The present work discusses the theoretical interpretation of low-energy excitations of odd N = 82 isotones between the mass numbers A = 135 and A = 143. The energy spectra of these isotones have been calculated by using the microscopic quasiparticle-phonon model (MQPM) and the results have been compared with the extreme quasiparticle-phonon picture and the results of a large-basis shell model calculation with 3 − 11 valence protons outside the doubly-magic 132 Sn core. This work is a direct continuation of our earlier work on even N = 82 isotones [9] and the same realistic, microscopic two-body G-matrix interaction has been used in the present MQPM calculation as was used in the QRPA calculation of the even isotones (in fact, the QRPA calculation is a necessary prerequisite of the present MQPM calculation). Also in the shell model calculation we use the same effective two-body matrix elements, derived from the above-mentioned Gmatrix elements through many-body perturbation techniques, which were used for the even isotones.
Overall, the spectra of the odd isotones are described well by the MQPM considering that no fitting of the interaction was done. This feature may be traced back to the capability of the BCS approach in describing excitations of one-quasiparticle type. From this one can conclude that the pairing-type of residual interactions used in the MQPM are consistent with the mean field extracted from the experimental single-particle energies in 133 Sb. The low-lying experimental levels can be labeled by their assumed leading quasiparticle-phonon contributions and their energies can be compared with the energies of the unperturbed quasiparticle-phonon multiplets and the perturbed ones emerging from the MQPM calculations. In the MQPM both the widths and the centroids of the perturbed multiplets, as well as the sequences of different spins within the multiplets, are described rather nicely. The shell model describes most individual states very well, in many cases better than the MQPM, but has difficulties in describing the centroids of the quasiparticle-phonon multiplets and energies of some members of these multiplets, particularly the 3/2 + states in the 2 The aim of the present work was to see how well a truly microscopic model, based on quasiparticle-phonon coupling and realistic microscopic G-matrix interactions, can describe the level systematics of a set of heavy semi-magic nuclei. At the same time the results of these calculations can be compared with results coming from a large-scale shell model calculation with truly microscopic effective interaction based on the same G-matrix which is used in the quasiparticle-phonon calculation. Considering that in both calculations only very few parameters enter the calculation, the success of both models is surprisingly good.
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